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INTRODUCTION 
For an integer n > 1, a subring R of a ring S is said to be n-root closed in 
S, if whenever x E S with x” E R, then x E R; reference to S is omitted, if S 
is the total quotient ring of R. This notion first appeared in Sheldon’s work 
[9] on power series rings. It was taken up in [5] by Brewer et al. to study 
seminormal curves. The investigations of n-root closed rings were continued 
by Watkins [ 111, Anderson [2] and the author [3]. 
This note consists of three parts. The first section is concerned with 
algebraic varieties. In [3] we have shown that an afflne irreducible curve 
over an algebraically closed field of characteristic p > 0 is normal, if the 
coordinate ring is n-root closed for some integer n > 1, n f O(modp). We 
show here (Theorem 1) that this result extends to (not necessarily 
irreducible) varieties X of higher dimension, provided X has at most finitely 
many non-normal points. In particular, a surface X is normal iff X has only 
finitely many singular points and the local rings of X are n-root closed for 
some integer n > 1, n f O(modp). Examples of rational surfaces show that 
the condition on the singular locus cannot be omitted. We close the first 
section with some remarks on projective normality. 
In the second part we give an extension of a theorem of Watkins to 
integral domains. He has shown in [ 11, Theorem 1 ] that the property of 
being n-root closed for some integer n > 1 (resp. integrally closed, resp. 
seminormal) is stable under passage to power series for ring extensions 
R c S, where R is an absolutely flat ring. As an absolutely flat integral 
domain is a field, the applicability of Watkins’ theorem to integral domains 
is quite restricted. We show here (Theorem 2) that the above stability 
property holds for ring extensions R E S, where R is an integral domain with 
quotient field K such that Kn S = R. In particular, this holds for ring 
extensions R E S, where R is an integral domain and S is a faithfully flat R- 
module (Corollary to Theorem 2). 
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In the last section we consider the ring R(X), that is, the localization of 
the polynomial ring R[X] with respect to the set of all polynomials whose 
coefficients generate R. We show that reduced rings are characterized by the 
condition that the extension R [X] c R(X) is n-root closed for some integer 
n > 1 (resp. integrally closed, resp. seminormal, cf. Proposition 1). Moreover, 
we prove that for reduced rings the property of being n-root closed (resp. 
seminormal) is stable under passage to R(X) c S(X) (Theorem 3); the 
analogous assertion for the integral closure was shown by Akiba [I]. 
Throughout this note all rings are assumed to be commutative with an 
identity. If R G S is an extension of rings, R is seminormal in S iff whenever 
x E S with x2, x3 E R, then x E R [ 10, Theorem 2.51. As is easily seen, if R 
is n-root closed in S for some integer n > 1, then R is seminormal in S. 
I. ALGEBRAIC VARIETIES 
In this section k denotes an algebraically closed field of characteristic 
p > 0. A variety X is a reduced scheme of finite type over k; X is called 
normal, if the local rings ex,,, x E X, are integrally closed. 
Let n > 1 be an integer. We say that a variety X is n-root normal, if for 
any x E X the local ring ex,, is n-root closed. Clearly, a variety X is n-root 
normal iff there is an open cover by n-root normal affine subsets; an aff:ne 
variety X is n-root normal iff the ring of regular functions on X is n-root 
closed [3, Lemma 21. 
We need the following facts. 
LEMMA 1. Let R be a subring of a ring S. If R is n-root closed for some 
integer n > 1, the conductor R: S = {x 1 x E S, xS E R } is a radical ideal of 
S. 
Proof In fact, this was proven in [3, Lemma 11, although it was only 
stated for a special case. 
LEMMA 2. Let R be a Noetherian local ring with maximal ideal M such 
that the non-normal locus has dimension zero. Assume further that the 
integral closure S of R is a finite R-module. If for some integer n > 1, R is n- 
root closed, and for some maximal ideal N of S, the ring S/N contains an 
n th root of unity # 1, then S is a local ring with maximal ideal M. 
Proof The idea of proof is the same as in [3, Main Lemma]. At first we 
note that S is a semi-local ring; for SIMS is a finite-dimensional R/M- 
algebra and has therefore only finitely many prime ideals. If R: S = R, then 
R = S and all is proven. So assume R: S # R, i.e., R: S c M. By Lemma 1, 
R: S is an intersection of prime ideals of S, and by assumption, each prime 
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ideal containing R: S is maximal; this implies R: S = M = N, n .. . n N,, 
where Nr,..., N, are the maximal ideals of S. The proof is finished now by 
showing r = 1 as in the proof of [3, Main Lemma]. 
THEOREM 1. Let X be a variety with at most finitely many non-normal 
points. If X is n-root normal for some integer n > 1, n f O(modp), then X is 
normal. 
Proof Let x E X and put R = ex,,. As p does not divide n, k contains an 
nth root of unity #l. By Lemma 2, the integral closure S of R is a local ring 
with maximal ideal M= mx,x; but R/M = k = S/M and so R = S. 
COROLLARY 1 [3, Theorem 21. A curve is normal @it is n-root normal 
for some integer n > 1, n & O(modp). 
COROLLARY 2. A surface is normal tfl it has only finitely many singular 
points and is n-root normal for some integer n > 1, n f O(modp). 
Proof This follows from the fact that a normal variety has no 
singularities in codimension one. 
Example of a non-normal surface, which is n-root normal for all odd 
integers n > 1. 
Such an example is the cubic X in A3 given by the equation 
v* = uw*. 
X is irreducible and singular in each point of the line with the equations 
v = 0, w  = 0; in particular, X is not normal. The map 
parametrizes X, i.e. f is a birational morphism from A* onto X. Via f, the 
ring of regular functions on S can be identified with the subring 
k[X*, XY, Y] of the polynomial ring k[X, X]. Now this ring is nothing but 
the semigroup ring k[X, I], where 
(cf. [2]). So it is sufficient to prove that k[X, r] is n-root closed for every 
prime number n # 2; but this follows immediately with the criterion in [2, 
Corollary 2.5, cf. the construction in 2.71. 
481/90/l-33 
192 GERHARDANGERMtiLLER 
By the same methods one can show that for each prime number q, the 
rational surface 
S, = Spec k(Xq, X4-’ Y ,..., XY, Y] 
is singular in codimension 1 and n-root normal for every prime number 
II # q. It seems that examples of non-normal surfaces, which are n-root 
normal for all integers n > 1, are not known (cf. [2, remarks following 2.61). 
We close this section with some remarks on projective normality. 
PROPOSITION 1. Let X z Ip, be an irreducible projective variety with 
homogeneous coordinate ring R. The following assertions are equivalent: 
(i) X is projectively normal. 
(ii) X is normal and R is n-root closed for some integer n > 1. 
(iii) X is normal and R is seminormal. 
Proof. (i) 3 (ii) + (iii) is clear. (iii) * (i): The integral closure of 
R = O,>o R, is a graded Ring S = OmZO S, with R, = S, for m $0. If the 
assertion would be false, i.e., S #R, we consider the largest integer q > 0 
such that S,#R,; as S,=k=R,, 
x2 E S,, = R,,, 
we have q > 0. Then x E S, implies 
x3 E S,, = R,, and thus x E R. So it would follow S, = R,, 
a contradiction. This shows S = R. 
COROLLARY. Let X E Ip, be a normal irreducible projective variety and 
CL/Am+’ the aflne cone over X, further, let n > 1 be any integer. X is 
projectively normal tp every line bundle on C x A” is extended from C. 
Proof. This follows immediately from Proposition 1 in view of the 
characterization of seminormal domains R by Pit R = Pit R [X, ,..., X,]. 
cf. [ 101. 
There are examples of projectively normal curves X with affine cone C 
such that not every vector bundle on C x A” is extended from C [6]. 
II. POWER SERIES RINGS 
As mentioned in the Introduction, the following theorem extends a 
theorem of Watkins [ 111. 
THEOREM 2. Let R be an integral domain with quotient field K; further 
assume that R is a subring of a ring S such that K n S = R. 
(a) If R is integrally closed in S, then R[Xn is integrally closed in 
s nxn- 
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(b) Let n > 1 be an integer. If R is n-root closed in S, then R[Xi is n- 
root closed in S/X]. 
(c) R 1x1 is seminormal in S[X]; in particular, R is seminormal in X. 
ProoJ: (a) Assume that the assertion is false. To obtain a contradiction, 
we proceed as in [ 111. 
For an element s = xi>,, s,X’ E S(IX]l\R[Xg, we call the smallest k > 0 
such that sk QG R the critical index of s; the element s is called a minimal 
counterexample, if the critical index of s is minimal among all counterex- 
amples. Obviously, by the assumption made in the beginning, there are 
minimal counterexamples. 
We show now that there is a minimal counterexample s = Ciao s,X’ with 
s, = 0 satisfying an integral equation of the form 
Sm + $lJsm-l + r(f)sm-2 + . ..+r 070 = 0 , 
where ro) = Ci>0 $‘X’ E RlXg (j = l,..., m) and 
ry) = 0, if 0 < i < j. 
This yields a contradiction. In fact, if this is satisfied, then 
$E wnwxn, $ER[Xl (j = l,..., m) 
and 
(Sjrn +q (+jm-’ +$ i$im-’ + . . . +qo 
is an integral equation for s/X, but s/X has smaller critical index, 
contradicting the minimality of s. 
To prove the existence of such a minimal counterexample, we choose any 
minimal one, say, s = Ci>0 i s Xi E SI[Xn\R[Xn with critical index k. Then 
k > 0, because the terms of degree zero in an integral equation for s give an 
integral equation for s,, whence s, E R. Replacing s by s - C”:ds,X’ shows 
that we can assume moreover si = 0 for 0 < i < k. 
Now let 
sm + #l)g-l + r(2)sm-2 + u*.+r , (m) = 0 
where r”’ = ,Fo riX’ E R[Xn(j = l,..., m), (*) 
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be an integral equation for s over R[X]. We prove by induction for 
p = l,..., m: 
(‘4 ) rY’ = 0 P I for O<i+(m-j)k<pk,l<j<m. 
If this is done, we have shown that s is a minimal counterexample as above. 
In fact, (A,) means ry) = 0 for 0 < i < jk, but k > 1 and so the assertion 
follows. 
For p = 1, we have to show ri (m’ = 0, if 0 < i < k. As sI = 0 for 0 < i < k, 
this follows from (*). Now assume (A,) for p < m. The coefficient of Xpk in 
Eq. (*) has the form 
r;“-P’s; + rckm-Ptl)s;-I + r\;-P+2)s;-2 + ... + +f$‘= 0. 
(**> 
Multiplying this equation with (rO (m-p))p-’ gives an integral equation for 
T~“-~)s~ over R and shows F$‘-~)s~ E R. If I~“-“’ # 0, this would give 
sk E K n S = R contradicting the definition of k. This proves 
p-p) = 0. 
0 
In exactly the same way we obtain 
(m-P+]) _ (rn-p+2) _ 
rk - ‘2k 
- . . . =r g:,;)k = 0 
and finally from (**) 
rpk * 
cm) = 0 
This proves ru’ = 0 for 0 < i + (m -j) k & pk. Looking at the coeffcient of 
XPk+9 in Eq. i*) for q = 1 ,..., k - 1, we obtain quite analogously 
(m-p) 
r9 = ‘k+9 
cm-p+ 1) = r$w&;+” = ... = ).(rn) 
Pk+9 
= 0 
for q = l,..., k - 1 and thus 
(A,, ,) rij’ = 0 for O<i+(m-j)k< (p+ 1)k. 
This proves (a). 
(b) We can assume that n is a prime number. If n is the characteristic 
of K, for any s = Ci>osiXi E SIX] one has S” = Ci>O~yXi” and the 
assertion follows immediately. 
Now let n be different from the characteristic of K and assume that the 
assertion is false. Proceeding as in (a) we choose an element 
s = Ci>o s,X’E S[Xg\R[X] with s” E R[Xl, whose critical index k is 
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minimal among all counterexamples. The coefficient of Xk in s” has the form 
n$‘sk + terms of R, whence 
m-‘s, E R. 
If so # 0, we would obtain sk E K n S = R in contradiction to the definition 
of k. Thus s,, = 0. But then s/X is a counterexample too, contradicting the 
minimality of s. This proves (b). 
(c) Assume that R[Xl is not seminormal in SIXI. We go the same 
way as above and consider an element s = Ciao s,X’ E S[X]\RiXn with 
s’, s3 E R[Xn, whose critical index k is minimal among all counterexamples. 
Looking at the coefficient of Xk in sz and s3 shows 
2sosk, 3s;s, E R. 
Now 2 # 0 or 3 # 0 in R. If s, # 0, this would show s,E Kn S = R, 
contradicting the definition of k. So s0 = 0 and s/X is also a counterexample 
in contradiction to the minimality of s. This proves (c). 
COROLLARY. Let R be a subring of a ring S such that R is an integral 
domain and S is a faithfully flat R-module. 
(a) If R is integrally closed in S, then R[Xn is integrally closed in 
m. 
(b) Let n > 1 be an integer. IfR is n-root closed in S, then R[lX] is n- 
root closed in S [X]. 
(c) R[Xn is seminormal in SIX& 
Proof By Theorem 2, it suffices to prove K n S = R, where K is the 
quotient field of R. Let a,b E R, b # 0, such that s: = a/b E S. Then bs = a 
and by the linear extension property [4, Chap. (I), Sect. 3.7, Proposition 131 
there exist x, z E R, y E S such that s =x + yz and bz = 0. But then z = 0 
and so s=xER. 
As application of this corollary we obtain, for example: If R is any 
integral domain and (Ti)iE, any family of indeterminates over R, then R[X] 
is integrally closed in R [ Ti 1 i E I] [XII. 
Remarks. (1) The example R = Z, S = Q and the identities 
(zo(‘{“)Xi)“= 1 +X, n> 1 
show that the condition “‘faithfully flat” in the above corollary cannot be 
weakened to “jlat.” 
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(2) Let n > 1 be an integer. Seidenberg gives in [8] an example of an 
integrally closed domain R such that the ring RjjXl is not n-root closed. 
III. THE RING R(X) 
For any ring R we denote by C(R) the set of all polynomials 
f = CyzO a,X’ E R [X] such that (a,,..., a,) = R; further let R(X) = 
C(R)-‘R[X]. Then R(X) is a subring of the total quotient ring of R[X]; in 
case that R is a field, R(X) is the field of rational functions in X. 
PROPOSITION 2. For any ring R and any integer n > 1, the following 
assertions are equivalent: 
(i) R is reduced. 
(ii) R[X] is integrally closed in R(X). 
(iii) R[X) is n-root closed in R(X). 
(iv) R [X] is seminormal in R(X). 
ProoJ: (i) 3 (ii): This follows from [ 1, Lemma 1.11. (ii) 3 (iii) * (iv) is 
clear. (iv) =j (i): If R is not reduced, we choose an element r E R such that 
r # 0 and r2 = 0. Then r/X E R(X), (r/x)2 = (r/X)’ = 0 and r/X & R [Xl, for 
otherwise there would exist fC R [X] such that r= Xf(X), i.e., r = 0. This 
shows that R[X] is not seminormal in R(X), proving the Proposition. 
In [5, Example 1 ] a ring R was constructed such that R [X] is not 
seminormal. 
Akiba [ 1, Proposition 1.31 has shown that for an integrally closed subring 
R of a reduced ring S, the ring R(X) is integrally closed in S(X). 
THEOREM 3. Let R be any subring of a reduced ring S and n > 1 be an 
integer. If R is n-root closed (resp. seminormal) in S, the same is true for 
R(X) in S(X). 
Proof Let T be the integral closure of R in S. Then T(X) is the integral 
closure of R(X) in S(X) [ 1, Proposition 1.31. By [5, Theorem 1, 
Proposition 11, R[X] is n-root closed (resp. seminormal) in T[X]. Now 
T(X) = C(R)-‘T[X] [7, Theorem 3(a)], and so the assertion follows 
immediately from the fact that n-root closure and seminormality behave well 
with respect to localization. 
COROLLARY. Let R be a ring whose integral closure is a reduced 
Noetherian ring. Further, let n > 1 be an integer. IfR is n-root closed (resp. 
seminormal), the same is true for R(X). 
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ProoJ Let S be the integral closure of R. Then S(X) is the integral 
closure of R(X) [ 1, Corollary 2.31, whence the corollary follows (for the 
assertion on seminormality observe that R has only finitely many minimal 
prime ideals and cf. [lo]). 
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